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HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL
FIXED SETS
HUI LI AND SUSAN TOLMAN
Abstract. Consider an effective Hamiltonian circle action on a
compact symplectic 2n-dimensional manifold (M,ω). Assume that
the fixed set MS
1
is minimal, in two senses: it has exactly two
components, X and Y , and dim(X) + dim(Y ) = dim(M)− 2.
We prove that the integral cohomology ring and Chern classes
of M are isomorphic to either those of CPn or (if n 6= 1 is odd)
to those of G˜2(R
n+2), the Grassmannian of oriented two-planes
in Rn+2. In particular, Hi(M ;Z) = Hi(CPn;Z) for all i, and the
Chern classes ofM are determined by the integral cohomology ring.
We also prove that the fixed set data of M agrees exactly with the
fixed set data for one of the standard circle actions on one of these
two manifolds. In particular, we show that there are no points with
stabilizer Zk for any k > 2.
The same conclusions hold when MS
1
has exactly two com-
ponents and the even Betti numbers of M are minimal, that is,
b2i(M) = 1 for all i ∈
{
0, . . . , 1
2
dim(M)
}
. This provides addi-
tional evidence that very few symplectic manifolds with minimal
even Betti numbers admit Hamiltonian actions.
1. Introduction
Let M be a connected compact smooth manifold, and let G be a
connected compact Lie group. One fundamental question is whether M
admits a G action, and – if so – how many different actions can occur.
In the early 1970’s, Petrie addressed this question by studying homo-
topy complex projective spaces, spaces which are homotopy equivalent
to CPn. He conjectured that if a homotopy complex projective space
M admits a circle action1, then the total Pontryagin class p(M) of M
Key words and phrases. Symplectic manifold, Hamiltonian circle action, moment
map, symplectic quotient, equivariant cohomology, Chern classes.
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1 Unless we specify otherwise, we shall always assume that our actions are non-
trivial.
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agrees with p(CPn) [15]. If true, this conjecture would imply that up to
diffeomorphism, there are only finitely many homotopy complex projec-
tive spaces which admit a circle action for all n 6= 2. Although Petrie’s
conjecture is still open, it has been proved in many special interesting
cases, including when the fixed point set MS
1
contains at most four
connected components [20, 21, 19, 10]. In contrast, a circle action on
a complex projective space may not be equivariantly diffeomorphic to
one of the standard actions on CPn; Petrie was able to construct exotic
circle actions on CP3, that is, actions whose normal representations at
the fixed points do not agree with those of any of the actions induced
by a circle subgroup S1 ⊂ SU(4) [16].
We are interested in addressing the analogous questions for symplec-
tic manifolds. Because extra tools are available in this case, we hope
to be able to relax the restrictions on M and still draw stronger con-
clusions. More precisely, let the circle S1 act on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Since M is compact
and symplectic, H2i(M ;R) 6= 0 for all i such that 0 ≤ 2i ≤ dim(M).
Since φ is a Morse-Bott function and its critical set is the fixed setMS
1
,
this implies that ∑
F⊂MS1
(dim(F ) + 2) ≥ dim(M) + 2,
where the sum is over all fixed components. We say that the fixed
components have minimal dimension if∑
F⊂MS1
(dim(F ) + 2) = dim(M) + 2.
A priori, this assumption does not seem terribly restrictive. For ex-
ample, if H∗(M ;R) = H∗(CPn;R), then M has fixed components of
minimal dimension, but the converse is false; see Lemma 4.3 and Re-
mark 4.5. Nevertheless, we are interested in answering the following
questions:
Questions. Consider a Hamiltonian circle action on a compact sym-
plectic manifold (M,ω) with fixed components of minimal dimension.
(a) Is b2i+1(M) = 0 for all i? Is H
∗(M ;Z) torsion free?
(b) Can we list all possible cohomology rings H∗(M ;Z)?
(c) Are the Chern classes2 ci(M) determined by the cohomology ring
H∗(M ;Z)?
(d) Do the normal representations at the fixed points always agree
with those of some “standard” circle actions?
2See §2 for the definition of the Chern classes of a symplectic manifold.
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In the case that M is 6-dimensional, all four questions are answered
affirmatively in [17]; see Remark 4.5. Partial results also follow from
[4, 22, 11, 1, 2]. Additionally, if M is 6-dimensional and the fixed set is
discrete then M is equivariantly symplectomorphic to some well-known
Ka¨hler example with additional symmetries [12]. Similarly, Morton has
answered all four questions affirmatively whenever a torus T acts on
M so that M is a GKM space and dimT ≥ 14 dimM [13]. Finally,
under the above assumptions, let k be the largest integer that divides
c1(M) ∈ H
2(M ;Z). If the fixed set is discrete then [14, 6] imply that
k ≤ n + 1; moreover, if k = n + 1 or if k = n and n 6= 1 is odd,
then the normal representations at the fixed points agree with those of
one of the standard actions on CPn or G˜2(R
n+2), the Grassmannian of
oriented two-planes in Rn+2, respectively.
In this paper, we answer the questions above in the case that the
fixed set has the smallest possible number of components – two. More
concretely, we assume that MS
1
has exactly two components, X and
Y , and that dim(X) + dim(Y ) = dim(M) − 2. It is easy to see that
CPn admits a Hamiltonian circle action satisfying these assumptions; if
n 6= 1 is odd then G˜2(R
n+2) does as well; see Examples 1.1 and 1.2.
Our first main theorem is that, under the above assumptions, the
integral cohomology ring and the total Chern class of M are isomorphic
to those of one of these two manifolds. (By Proposition 3.2, the same
claims hold for the equivariant cohomology ring and total Chern class.)
Theorem 1. Let the circle act in a Hamiltonian fashion on a com-
pact 2n-dimensional symplectic manifold (M,ω). Assume that MS
1
has exactly two components, X and Y , and that dim(X) + dim(Y ) =
dim(M)− 2. Then one of the following is true:
(A) H∗(M ;Z) = Z[x]/(xn+1) and c(M) = (1 + x)n+1; or
(B) n 6= 1 is odd, H∗(M ;Z) = Z[x, y]/
(
x
1
2
(n+1) − 2y, y2
)
, and
c(M) = (1+x)
n+2
1+2x .
In both cases, x has degree 2; in case (B), y has degree n+ 1.
Our second main theorem is that the fixed set data of M agrees
exactly with the fixed set data for one of the standard circle actions on
one of these two manifolds. Here, the fixed set data is the integral
cohomology ring and the total Chern class of each fixed component, the
set of weights for the normal representation at each fixed component,
and for each weight k, the total Chern class of the subbundle (of the
normal bundle of the fixed component) on which S1 acts with weight k.
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Theorem 2. Let the circle act effectively3 on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Assume that MS
1
has exactly two components, X and Y , and that dim(X) + dim(Y ) =
dim(M)− 2. Then
H∗(X;Z) = Z[u]/ui+1 and c(X) = (1 + u)i+1, where dim(X) = 2i;
H∗(Y ;Z) = Z[v]/vj+1 and c(Y ) = (1 + v)j+1, where dim(Y ) = 2j.
Moreover, one of the following is true:
(A) The action is semifree4,
c(NX) = (1 + u)
j+1, and c(NY ) = (1 + v)
i+1,
where NX and NY are the normal bundles to X and Y , respec-
tively.
(B) The action is not semifree, but no point has stabilizer Zk for any
k > 2; moreover,
dim(X) = dim(Y ) ≥ 2 and dim(MZ2) = dim(M)− 2;
c
(
NMZ2
)∣∣
X
= 1 + u and c
(
NMZ2
)∣∣
Y
= 1 + v;
c
(
NM
Z2
X
)
=
(1 + u)i+1
1 + 2u
and c
(
NM
Z2
Y
)
=
(1 + v)i+1
1 + 2v
,
where MZ2 denotes the submanifold fixed by Z2, NMZ2 denotes
the normal bundle of MZ2 in M, and NM
Z2
X and N
MZ2
Y denote
the normal bundles of X and of Y, respectively, in MZ2 .
Example 1.1. Given n ≥ 1, let CPn denote the complex projective
space. Since this 2n-dimensional manifold naturally arises as a coadjoint
orbit of SU(n + 1), it inherits a symplectic form ω and a Hamiltonian
SU(n+ 1) action.
Thus, for any j ∈ {0, . . . , n−1}, there is a semifree Hamiltonian circle
action given by
λ · [z0, z1, ..., zn] = [λz0, λz1, ..., λzj , zj+1, ..., zn].
The fixed set (CPn)S
1
consists of two components:
{[z] ∈ CPn | zk = 0 ∀ k ≤ j} ≃ CP
n−j−1 and
{[z] ∈ CPn | zk = 0 ∀ k > j} ≃ CP
j.
Note that 2(n − j − 1) + 2j = 2n− 2, as required.
3 A group G acts effectively on M if for every non-trivial g ∈ G, there exists
m ∈M so that g ·m 6= m.
4 A circle action is semifree if the action is free outside the fixed point set.
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Example 1.2. Given n ≥ 3, let G˜2(R
n+2) denote the Grassmannian
of oriented two-planes in Rn+2. Since this 2n-dimensional manifold
naturally arises as a coadjoint orbit of SO(n+2), it inherits a symplectic
form ω and a Hamiltonian SO(n+ 2) action.
Thus, if n is odd, there is a Hamiltonian circle action on G˜2(R
n+2)
induced by the action on Rn+2 ∼= R× C
1
2
(n+1) given by
λ · (t, z1, ..., z 1
2
(n+1)) = (t, λz1, ..., λz 1
2
(n+1)).
The fixed set consists of two components, corresponding to the two
orientations on the real two-planes in P
(
{0} × C
1
2
(n+1)
)
≃ CP
1
2
(n−1).
Note that 2
(
1
2 (n− 1)
)
+ 2
(
1
2(n− 1)
)
= 2n− 2, as required. Moreover,
G˜2(R
n+2)Z2 is the set of planes which lie entirely within {0} ×C
1
2
(n+1).
This submanifold, which is symplectomorphic to G˜2(R
n+1), has codi-
mension 2.
Remark 1.3. It is natural to wonder whether Examples 1.1 and 1.2
are the only examples that satisfy the conditions of Theorems 1 and 2.
Unfortunately, this question is very hard. If X or Y is an isolated point,
or if dim(M) ≤ 6 and the action is semifree, then – up to equivariant
symplectomorphism – there are no other examples [3, 5]. Although there
are serious technical difficulties, it may be possible using techniques
from [5, 12] to extend this – but only for manifolds with dim(M) ≤ 6.
However, using our results, the first author, Olbermann, and Stanley
recently proved that M is simply connected. Using this, they showed
that – up to equivariant diffeomorphism – there are finitely many such
manifolds in each dimension [9].
The Atiyah-Bott-Berline-Vergne localization formula is not sufficient
for the work of this paper. Instead, we work much more directly with
the cohomology ring and Chern classes of the reduced space itself. We
believe that this more direct approach will be vital for further progress.
The results in this paper suggest several paths for further research.
The most obvious is to study the questions on page 2 whenMS
1
contains
more than two connected components. For example, in Proposition 4.4,
we show that whenever M has fixed components of minimal dimension,
then the minimal fixed component X is a real cohomology projective
space, that is, H∗(X;R) ≃ H∗(CPk;R) for some k.
Alternatively, one could attempt to classify circle actions with two
fixed components. For example, in the appendix, we show that for
any effective Hamiltonian circle action on compact symplectic manifolds
with two fixed components, no point has stabilizer Zk for any k > 6.
This raises another question.
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Question. Does there exist an effective Hamiltonian circle action on
a compact symplectic manifold (M,ω) such that MS
1
has exactly two
components and there exists a point x ∈M with stabilizer Zk, for k > 2?
Hausmann and Holm also studied Hamiltonian circle actions with two
fixed components, but from a very different perspective [7].
The outline of this paper is straightforward. We describe properties
of moment maps in §2; this is mostly review. In §3, we use Theorem 2
to prove Theorem 1 and calculate the equivariant cohomology of M .
The rest of the paper is dedicated to proving Theorem 2. We consider
the implications of our two main restriction – that the fixed components
have minimal dimension, and that there are only two fixed components,
in §4 and §5, respectively. In §6, we bring these arguments together to
complete the proof of Theorem 2 in the semifree case. Finally, in §7 we
study isotropy submanifolds of actions with only two fixed components,
and in §8 we use this to complete the proof of Theorem 2.
Acknowledgment. The first author would like to thank the University
of Luxembourg, and particularly the University of Illinois at Urbana-
Champaign for financial support while she was visiting the second au-
thor. We thank Professor Ono for suggesting several references.
2. Background
The main goal of this section is to introduce some background mate-
rial and establish our notation. However, in a few cases we will need to
slightly extend known results.
Let the circle act (possibly trivially) on a space X. The equivariant
cohomology of X is
H∗S1(X) = H
∗(X ×S1 S
∞).
For example, if p is a point then H∗
S1
(p;Z) = H∗(CP∞;Z) = Z[t]. More
generally, if F ⊂ XS
1
is a fixed component, thenH∗
S1
(F ) is naturally iso-
morphic to H∗(F )⊗H∗(CP∞) = H∗(F )[t]. In contrast, if the stabilizer
of every point x ∈ X is finite, then H∗
S1
(X;R) is naturally isomorphic to
H∗(X/S1;R). Note that the projection map X×S1 S
∞ → CP∞ induces
a pull-back map
(2.1) π∗ : H∗(CP∞)→ H∗S1(X);
hence, H∗
S1
(X) is a H∗(CP∞) module.
LetM be a compact manifold. A symplectic form onM is a closed,
non-degenerate two-form ω ∈ Ω2(M). A circle action onM is symplec-
tic if it preserves ω. A symplectic circle action is Hamiltonian if there
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exists a moment map, that is, a map φ : M → R such that
−dφ = ιξMω,
where ξM is the vector field on M induced by the circle action. Since
ιξMω is closed, every symplectic action is Hamiltonian if H
1(M ;R) = 0.
As we mentioned in the introduction, the moment map φ : M → R
is a Morse-Bott function whose critical set is exactly the fixed point set
MS
1
. Therefore, if c ∈ R is a regular value of φ, then every point in
the level set φ−1(c) has finite stabilizer. Since φ−1(c) is a manifold, this
implies that the symplectic reduction of M at c,
Mc := φ
−1(c)/S1,
is an orbifold. Since ω|φ−1(c) is a basic two-form, there exists a symplec-
tic form ωc ∈ Ω
2(Mc) such that ρ
∗(ωc) = ω|φ−1(c), where ρ : φ
−1(c) →
Mc is the quotient map. Let
κ : H∗S1(M ;R)→ H
∗(Mc;R)
be the composition of the restriction map fromH∗
S1
(M ;R) toH∗
S1
(φ−1(c);R)
and the isomorphism from H∗
S1
(φ−1(c);R) to H∗(Mc;R); this is called
the Kirwan map.
Given a symplectic manifold (M,ω), there is an almost complex
structure J : T (M) → T (M) which is compatible with ω, that is,
ω(J(·), ·) is a Riemannian metric. Moreover, the set of such struc-
tures is connected, and so there is a well defined total Chern class
c(M) ∈ H∗(M ;Z). Similarly, given a circle action on (M,ω) with mo-
ment map φ : M → R, there is a well-defined multiset of integers, called
weights, associated to each fixed point p. In fact, for any fixed compo-
nent F , the tangent bundle T (M)|F naturally splits into subbundles –
one corresponding to each weight.
The negative normal bundle N−F at a fixed component F is the sum
of the subbundles of T (M)|F with negative weights. In particular, if
λF is the number of negative weights in TpM for any p ∈ F (counted
with multiplicity), then the index of φ as a Morse-Bott function at F is
2λF . Under the identification H
∗
S1
(F ) = H∗(F )[t], the equivariant Euler
class eS
1
(N−F ) is a polynomial in t whose highest degree term is Λ
−
F t
λF ,
where Λ−F ∈ Z r {0} is the product of the negative (integer) weights
at F . As Atiyah and Bott pointed out, this fact implies that eS
1
(N−F )
is not a zero divisor in H∗
S1
(F ;R). Kirwan proved that this fact has
remarkable consequences for Hamiltonian actions [8]; we explain some
of these consequences below.
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Let R be a commutative ring (with unit), for example, R, Z, or Zp.
If R = R, or if the action is semifree, or if Hj−2λF (F ;Z) is torsion-
free and R = Z, then multiplication by eS
1
(N−F ) induces an injection
from Hj−2λF
S1
(F ;R) to Hj
S1
(F ;R). (See [18] for comments on the case
R 6= R.) Let M± = φ−1(−∞, φ(F ) ± ǫ), where ǫ > 0 is sufficiently
small. For simplicity, assume that F is the only fixed set in M+rM−.
By the previous paragraph, if R = R, or if the action is semifree, or if
Hj−2λF (F ;Z) and Hj−2λF+1(F ;Z) are torsion-free and R = Z, then the
map from H∗
S1
(M+,M−;R) = H∗−2λF
S1
(F ;R) to H∗
S1
(F ;R) is injective
for ∗ = j and ∗ = j+1; therefore, the long exact sequence in equivariant
cohomology for the pair (M+,M−) breaks into a short exact sequence
(2.2) 0→ Hj
S1
(M+,M−;R)→ Hj
S1
(M+;R)→ Hj
S1
(M−;R)→ 0.
In particular, if j ≤ 2λF and R = Z, then (2.2) is exact because
H i(F ;Z) is torsion-free for all i ≤ 1. (Note that, if j ≤ 2λF − 2
thenHj
S1
(M+,M−;R) = Hj+1
S1
(M+,M−;R) = 0 and soHj
S1
(M+;R) =
Hj
S1
(M−;R) for any commutative ring R.)
Additionally, restriction induces a natural map of exact sequences
. . . −−→ Hj
S1
(M+,M−;R) −−→ Hj
S1
(M+;R) −−→ Hj
S1
(M−;R) −−→ . . .y y y
. . . −−→ Hj(M+,M−;R) −−→ Hj(M+;R) −−→ Hj(M−;R) −−→ . . . .
The restriction map from Hj
S1
(M+,M−;R) to Hj(M+,M−;R) is sur-
jective because Hj
S1
(F ;R) = Hj(F ;R)[t]. Hence, by an easy diagram
chase, if (2.2) is exact and if the restriction map from Hj
S1
(M−;R) to
Hj(M−;R) is surjective, then the restriction map from Hj
S1
(M+;R) to
Hj(M+;R) is also surjective. If, additionally, the restriction map from
Hj−1
S1
(M−;R) to Hj−1(M−;R) is surjective, then
(2.3) 0→ Hj(M+,M−;R)→ Hj(M+;R)→ Hj(M−;R)→ 0
is a short exact sequence.
Note that, if j = 2 and R = Z, then (2.2) is exact for any fixed com-
ponent F . This is because either λF = 0, in which case e
S1(N−F ) = 1, or
λF > 0, in which case H
j−2λF (F ;Z) and Hj−2λF+1(F ;Z) are torsion-
free. Therefore, the proposition below follows easily by induction and
the paragraph above.
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Proposition 2.4. Let the circle act on a compact symplectic mani-
fold (M,ω) with moment map φ : M → R. The natural restriction
H2
S1
(M ;Z)→ H2(M ;Z) is onto.
More generally, as we saw above, if the action is semifree, if R = R,
or if H∗(MS
1
;Z) is torsion-free and R = Z, then (2.2) is exact for every
j. By induction, this implies that (2.3) is exact for all F , that the
restriction map H∗
S1
(M ;R) → H∗(M ;R) is a surjection, and that the
restriction map ι∗ : H∗
S1
(M ;R)→ H∗
S1
(MS
1
;R) is an injection.
If H∗(MS
1
;Z) is torsion-free and R = Z, or if R = R, then (2.2) and
(2.3) imply that
Hj
S1
(M ;R) =
⊕
F⊂MS1
Hj−2λF
S1
(F ;R), and
Hj(M ;R) =
⊕
F⊂MS1
Hj−2λF (F ;R) ∀j,
where the sum is over all fixed components. In particular, φ is perfect
and equivariantly perfect, that is, these equations hold for R = R.
In particular, if H∗(MS
1
;Z) is torsion-free and R = Z, or if R = R,
then H∗(M ;R) is a finitely generated free R-module and the restriction
map from Hj
S1
(M ;R) to Hj(M ;R) is surjective. Therefore, applying
the Leray-Hirsch Theorem to the fiber bundle M ×S1 S
∞ π→ CP∞, we
see that the kernel of the restriction map Hj
S1
(M ;R) → Hj(M ;R) is
the ideal generated by π∗(t), where t ∈ H2(CP∞;R) is the generator.
Hence, if we want to compute the (ordinary) cohomology of M , it is
enough to determine the equivariant cohomology of M ;
(2.5) H∗(M ;R) = H∗S1(M ;R)/(t).
We can use a similar argument as in [17] to prove the following claim.
Proposition 2.6. Let the circle act on a compact symplectic manifold
(M,ω) with moment map φ : M → R. Consider β ∈ H∗
S1
(M ;R) so that
β|F ′ = 0 for all fixed components F
′ such that φ(F ′) < φ(F ), where F
is a fixed component. Then β|F is a multiple of e
S1(N−F ).
Given any manifold M , there is a natural map from H∗(M ;Z) to
H∗(M ;R). The image of this map is a lattice in H∗(M ;R). We shall
say that a class is integral if it lies in the image of this map and is
primitive if, in addition, it is not a positive integer multiple of any
other integral class.
Lemma 2.7. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Let F be a fixed component.
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• There exists u˜ ∈ H2
S1
(M ;R) so that,
u˜|F ′ = [ω|F ′ ] + t
(
φ(F )− φ(F ′)
)
and
κc
(
u˜− t(φ(F ) − c)
)
= ωc
for all fixed components F ′ and all regular values c ∈ R. Here,
κc : H
∗
S1
(M ;R) → H∗(Mc;R) is the Kirwan map and (Mc, ωc)
is the symplectic reduction of M at c.
• If [ω] is integral, then u˜ is integral.
Proof. To prove the first claim, let u˜ = [ω − tφ + tφ(F )] in the De
Rham model of equivariant cohomology. If c is a regular value, then
u˜− tφ(F )+ tc = [ω− tφ+ tc], and so (u˜− tφ(F )+ tc)|φ−1(c) = [ω|φ−1(c)],
which maps to ωc under the natural isomorphism H
∗
S1
(φ−1(c);R) ≃
H∗(Mc;R).
If [ω] ∈ H2(M ;R) is integral, then by Proposition 2.4, there exists
an integral class α˜ ∈ H2
S1
(M ;R) which maps to [ω] under the natural
restriction H2
S1
(M ;R) → H2(M ;R). Then the restriction of α˜ − u˜
under the same map is zero. Since H∗(CP∞;R) = R[t], this implies
that α˜ − u˜ = λt for some constant λ ∈ R. Finally, since α˜ is integral,
α˜|F = u˜|F + λt = [ω|F ] + λt is integral; hence λ ∈ Z. q.e.d.
Lemma 2.8. Let the circle act on a complex vector bundle E of rank d
over a compact manifold X so that ES
1
= X. Assume that there exists
a non-zero λ ∈ Z so that the circle acts on E with weight λ. Then there
exists ci ∈ H
2i(X;Z) for all i ∈
{
0, . . . , 12 dim(M)
}
such that
c(E) = 1 + c1 + · · ·+ cd−1 + cd,
cS
1
(E) = (1 + λt)d + c1(1 + λt)
d−1 + · · · + cd−1(1 + λt) + cd, and
eS
1
(E) = (λt)d + c1(λt)
d−1 + · · · + cd−1(λt) + cd.
Here, c(E), cS
1
(E), and eS
1
(E) are the total Chern class of E, the
total equivariant Chern class of E, and the equivariant Euler class of
E, respectively.
Proof. By the splitting principle, there exists a space Y and a map
p : Y → X such that p∗ : H∗(X;Z) → H∗(Y ;Z) is injective and the
pullback bundle p∗(E) breaks up as the direct sum of line bundles.
Therefore, without loss of generality we may assume that the bundle is
a direct sum of line bundles with first Chern class α1, . . . αd respectively.
Then
c(E) =
d∏
i=1
(1 + αi) and c
S1(E) =
d∏
i=1
(1 + λt+ αi).
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The claim follows immediately. q.e.d.
3. Using Theorem 2 to calculate the cohomology ring of M
In this section, we use Theorem 2 to compute the possible cohomology
rings (ordinary and equivariant) and Chern classes of M . More specif-
ically, we prove Theorem 1 and Proposition 3.2. We give two proofs.
The first is very short but depends on knowing the cohomology ring
and Chern classes of CPn and G˜2(R
n+2). The second relies on a direct
calculation.
The cohomology ring and Chern classes of CPn and (if n 6= 1 is odd)
of G˜2(R
n+2) are exactly those described in Theorem 1. Moreover, the
fixed set data which arises in Examples 1.1 and 1.2 is exactly the fixed
set data described in Theorem 2. Finally, we can transform any non-
trivial circle action into an effective circle action by quotienting out by
the subgroup which acts trivially. Therefore, Thereom 1 is an immediate
consequence of Theorem 2 and the proposition below, which combines
Corollary 3.16 and Remark 3.18 in [17].
Proposition 3.1 (Tolman). Let the circle act on compact symplec-
tic manifolds (M,ω) and (M̂ , ω̂) with moment maps φ : M → R and
φ̂ : M̂ → R, respectively; assume that Hj(M̂ ;Z) = Hj(CPn;Z) for
all j. Also assume that there exists a bijection from the fixed com-
ponents F1, . . . , Fk of M to the fixed components F̂1, . . . , F̂k of M̂ so
that there exists an isomorphism f∗ : H∗
S1
(F̂i;Z)→ H
∗
S1
(Fi;Z) such that
f∗(cS
1
(M̂ )|
F̂i
) = cS
1
(M)|Fi for all i. Then there is an isomorphism
f ♯ : H∗(M̂ ;Z)→ H∗(M ;Z) so that f ♯(c(M̂ )) = c(M).
The argument that the equivariant cohomology and Chern classes of
M agree with those of CPn or G˜2(R
n+2) is nearly identical, except that
[17, Corollary 3.16] should be replaced by [17, Corollary 3.13].
Alternatively, we can use Theorem 2 to directly calculate the (equi-
variant) cohomology and Chern classes of M .
Proposition 3.2. Let the circle act effectively on a compact symplectic
2n-dimensional manifold (M,ω) with moment map φ : M → R. Assume
that MS
1
has exactly two components, X and Y , and that dim(X) +
dim(Y ) = dim(M) − 2. If φ(X) < φ(Y ), then one of the following is
true:
(A) H∗
S1
(M ;Z) = Z[x˜, t]/
(
x˜i+1
(
x˜+ t
)j+1)
and
cS
1
(M) =
(
1 + x˜
)i+1(
1 + x˜+ t
)j+1
, where
12 HUI LI AND SUSAN TOLMAN
x˜|X = u, and x˜|Y = v − t.
(B) H∗
S1
(M ;Z) = Z[x˜, y˜, t]/
(
x˜i+1−2y˜, y˜
(
y˜+12
(
(x˜+2t)i+1−x˜i+1
)))
and
cS
1
(M) =
(1 + x˜)i+1(1 + x˜+ 2t)i+1(1 + x˜+ t)
1 + 2x˜+ 2t
, where
x˜
∣∣
X
= u, x˜
∣∣
Y
= v − 2t, y˜
∣∣
X
= 0, and y˜
∣∣
Y
= 12(v − 2t)
i+1.
In both cases, t generates π∗
(
H2(CP∞;Z)
)
⊂ H2
S1
(M ;Z) and x˜ has
degree 2; in case (B), y˜ has degree n + 1. Moreover, u and v are the
positive generators of H2(X;Z) and H2(Y ;Z), respectively, dim(X) =
2i, and dim(Y ) = 2j.
Proof. By Theorem 2,H∗(X;Z) = Z[u]/ui+1 andH∗(Y ;Z) = Z[v]/vj+1.
In particular, H∗(MS
1
;Z) is torsion-free. As we showed in §2, this im-
plies that the restriction map H∗
S1
(M ;Z) → H∗
S1
(MS
1
;Z) is injective
and that
Hk(M ;Z) =
⊕
F⊂MS1
Hk−2λF (F ;Z) = Hk(CPn;Z) ∀ k.
Proposition 3.9 of [17] states that whenever Hk(M ;Z) = Hk(CPn;Z)
for all k, the classes 1, α1, . . . , αn defined by
(3.3)
αk =
Λ−Fk
mk
(
cS
1
1 (M)− ΓFkt
)k−λFk ∏
λF ′<λFk
(
cS
1
1 (M)− ΓF ′t
ΓFk − ΓF ′
) 1
2
dim(F ′)+1
form a basis for H∗
S1
(M ;Z) as a H∗(CP∞;Z) = Z[t] module. Here, Fk is
the unique fixed component so that H2k−2λFk (Fk;Z) = Z, and mk ∈ Z
is chosen so that 1
mk
c1(M)
k−λFk
∣∣
Fk
generates H2k−2λFk (Fk;Z) for each
integer k such that 0 ≤ 2k ≤ 2n. Moreover, Λ−F is the product of the
negative weights at F and ΓF is the sum of the weights at F for each
fixed component F . Finally, the product is over all fixed components
F ′ such that λF ′ < λFk .
Assume first that the action is semifree. By part (A) of Theorem 2
and Lemma 2.8,
(3.4)
cS
1
1 (M)
∣∣
X
= (n+1)u+ (j + 1)t and cS
1
1 (M)
∣∣
Y
= (n+1)v − (i+ 1)t.
Hence, 1
(n+1)k
c1(M)
k
∣∣
X
generates H2k(X;Z) for all k ∈ {0, . . . , i}; sim-
ilarly, 1
(n+1)k
c1(M)
k
∣∣
Y
generates H2k(Y ;Z) for all k ∈ {0, . . . , j}. Ad-
ditionally, ΓX = (j + 1), ΓY = −(i + 1), Λ
−
X = 1, and Λ
−
Y = (−1)
i+1.
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Therefore, by (3.3),
αk =

1
(n+1)k
(
cS
1
1 (M)− (j + 1)t
)k
0 ≤ k ≤ i
1
(n+1)k
(
cS
1
1 (M)− (j + 1) t
)i+1(
cS
1
1 (M) + (i+ 1) t
)k−i−1
i < k ≤ n.
In particular, (3.4) implies that α1|X = u and α1|Y = v − t. Hence, if
we let x˜ = α1, then x˜
i+1
(
x˜+ t
)j+1
= 0 and part (A) of Theorem 2 and
Lemma 2.8 imply that
cS
1
(M)
∣∣
X
= (1 + x˜)i+1(1 + x˜+ t)j+1
∣∣
X
and
cS
1
(M)
∣∣
Y
= (1 + x˜)i+1(1 + x˜+ t)j+1
∣∣
Y
.
Since the restriction map H∗
S1
(M ;Z)→ H∗
S1
(MS
1
;Z) is injective, claim
(A) follows easily.
Now assume that the action is not semifree. By part (B) of Theorem 2
and Lemma 2.8, dim(X) = dim(Y ) and so i = 12(n− 1); moreover,
(3.5) cS
1
1 (M)
∣∣
X
= nu+ nt and cS
1
1 (M)
∣∣
Y
= nv − nt.
Hence, 1
nk
c1(M)
k
∣∣
X
generates H2k(X;Z) and 1
nk
c1(M)
k
∣∣
Y
generates
H2k(Y ;Z) for all k ∈ {0, . . . , i}. Additionally, ΓX = n, ΓY = −n,
Λ−X = 1, and Λ
−
Y = 2
i(−1)i+1. Therefore, by (3.3),
αk =
{
1
nk
(
cS
1
1 (M)− nt
)k
0 ≤ k ≤ i
1
2nk
(
cS
1
1 (M)− nt
)i+1(
cS
1
1 (M) + nt
)k−i−1
i < k ≤ n.
In particular, (3.5) implies that α1|X = u, α1|Y = v − 2t, αi+1|X = 0,
and αi+1|Y =
1
2(v − 2t)
i+1. Hence, if we let x˜ = α1 and y˜ = αi+1, then
x˜i+1 − 2y˜ = 0 and y˜
(
y˜ + 12
(
(x˜ + 2t)i+1 − x˜i+1
))
= 0. (Note that the
latter expression does lie in Z[x˜, y˜, t], while the expression 12 y˜(x˜+2t)
i+1
does not.) Moreover, part (B) of Theorem 2 and Lemma 2.8 imply that
cS
1
(M)
∣∣
X
=
(1 + x˜)i+1(1 + x˜+ 2t)i+1(1 + x˜+ t)
1 + 2x˜+ 2t
∣∣∣
X
, and
cS
1
(M)
∣∣
Y
=
(1 + x˜)i+1(1 + x˜+ 2t)i+1(1 + x˜+ t)
1 + 2x˜+ 2t
∣∣∣
Y
.
Since the restriction map H∗
S1
(M ;Z)→ H∗
S1
(MS
1
;Z) is injective, claim
(B) follows easily.
q.e.d.
Finally, as we showed in §2, the fact that H∗(MS
1
;Z) is torsion-free
implies that H∗(M ;Z) = H∗
S1
(M ;Z)/(t), where t generates the image
π∗(H2(CP∞;Z)). (See (2.5).) Therefore, Theorem 1 follows immediately
from the proposition above.
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4. The case that the fixed components have minimal
dimension
Consider a Hamiltonian circle action on a compact symplectic mani-
fold (M,ω). In this section, we consider the case that the fixed compo-
nents have minimal dimension, that is,
(4.1)
∑
F⊂MS1
(dim(F ) + 2) = dim(M) + 2.
We first prove that (4.1) holds wheneverM hasminimal even Betti
numbers, that is,
(4.2) b2i(M) = 1 ∀ i ∈
{
0, . . . , 12 dim(M)
}
,
where bj = dim
(
Hj(M ;R)
)
for all j.
Lemma 4.3. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume that b2i(M) = 1 for all i ∈{
0, . . . , 12 dim(M)
}
. Then
∑
F (dim(F ) + 2) = dim(M) + 2.
Proof. This claim is an immediate consequence of Lemma 3.3 in [17],
which states that, for each i ∈
{
0, . . . , 12 dim(M)
}
, there exists a unique
fixed component F such that 0 ≤ 2i−2λF ≤ dim(F ). (Lemma 3.3 itself
follows from the facts that φ is a perfect Morse-Bott function and that
H2i(F ;R) 6= 0 for all fixed components F and i ∈
{
0, . . . , 12 dim(F )
}
).
q.e.d.
The following proposition – which is the main result in this section –
gives a partial converse.
Proposition 4.4. Let the circle act on a compact symplectic manifold
(M,ω) with moment map φ : M → R. Assume that
∑
F⊂MS1
(dim(F ) + 2) =
dim(M) + 2. Let X be the minimal fixed component.
(1) H i(M ;R) = H i(CPn;R) for all i ∈ {0, . . . ,dim(X) + 2}.
(2) H∗(X;R) = R[u]/u
1
2
dim(X)+1, where u = [ω|X ].
(3) If [ω] is integral and the integers {φ(X)− φ(F )}
F⊂(MrX)S1
are
relatively prime5, then H∗(X;Z) = Z[u]/u
1
2
dim(X)+1, where u
maps to [ω|X ].
Remark 4.5. If M is 6-dimensional, then (4.1) implies (4.2). The
same claim holds if M is 8-dimensional, unless MS
1
has exactly three
components: a minimal point, a maximal point, and a 4-dimensional
component of index 2. However, (4.1) does not imply (4.2) in this case.
5 A set of integers is relatively prime if their greatest common divisor is 1.
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To see the first two claims, consider a Hamiltonian circle action on
a compact symplectic manifold (M,ω) which satisfies (4.1). Clearly,
H0(F ;R) = Hdim(F )(F ;R) = R for every fixed component F . There-
fore, if every fixed component has dimension 0 or 2, then (4.2) follows
from Lemma 4.6 below. In the remaining cases considered above, (4.2)
follows from Lemma 4.6 and Poincare´ duality on M and F .
To see the last claim, note that for any n > 2 there is a Hamiltonian
circle action on G˜2(R
n+2) induced by the action on Rn+2 ≃ C × Rn
given by
λ · (z, x1, . . . , xn) = (λz, x1, . . . , xn).
(See Example 1.2.) The fixed set has three components. Two are iso-
lated fixed points which correspond to the orientations on the real two-
plane C × {0}. The third component has dimension 2n − 4 and cor-
responds to the set of oriented real two-planes in {0} × Rn. Hence,
(0+ 2)+ (0+ 2)+ (2n− 4+ 2) = 2n+2, as required by (4.1). However,
if n is even, then Hn
(
G˜2(R
n+2);R
)
= R2.
To prove Proposition 4.4, we will need the following analog of Lemma
3.3 in [17].
Lemma 4.6. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume that
∑
F⊂MS1
(dim(F ) + 2) =
dim(M) + 2.
• For each i ∈
{
0, . . . , 12 dim(M)
}
, there exists a unique fixed com-
ponent F such that 0 ≤ 2i− 2λF ≤ dim(F ).
• In particular, if X is the minimal fixed component, then dim(X) ≤
2λF − 2 for all other fixed components F .
Proof. SinceM is symplecticH2i(M ;R) 6= 0 for all i ∈ {0, . . . , 12 dim(M)}.
Since φ is a Morse-Bott function, there is at least one fixed component
F such that 0 ≤ 2i − 2λF ≤ dim(F ). Since
∑
F⊂MS1
(dim(F ) + 2) =
dim(M) + 2, this proves the claim. q.e.d.
Remark 4.7. Consider a Hamiltonian circle action on a compact sym-
plectic manifold (M,ω); assume that (4.1) holds. Although we will not
use them in this paper, several of the results in §3 of [17] still work in this
context if we use Lemma 4.6 above instead of Lemma 3.3 in [17]. For
example, the proof of Proposition 3.4 and Lemma 3.7 in [17] otherwise
go through without any changes. Therefore, for all fixed components F
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and F ′,
φ(F ′) < φ(F ) exactly if λF ′ < λF ; moreover
Hj(M ;Z) =
⊕
F⊂MS1
Hj−2λF (F ;Z) ∀ j,
where the sum is over all fixed components.
Lemma 4.8. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Let X be the minimal fixed component
and let F be a field. Assume that dim(X) ≤ 2λF − 2 for all other fixed
components F . Assume also that there exist classes u˜ ∈ H2
S1
(M ;F) and
u ∈ H2(X;F), such that u˜|X = u, and a fixed point y such that u˜|y 6= 0.
Then
H∗(X;F) = F[u]/u
1
2
dim(X)+1.
Proof. Assume that, on the contrary, H∗(X;F) 6= F[u]/u
1
2
dim(X)+1.
First, we claim that there exist α ∈ Hj(X;F) and α˜ ∈ Hj
S1
(M ;F)
such that α 6= 0, α˜|X = α, and α˜|y = 0. To see this, note that at least
one of the following is true:
(a) there exists a non-zero class α ∈ H2i+1(X;F) for some i; or
(b) there exists a class α ∈ H2i(X;F) which is not a multiple of
ui for some i. (Since X is symplectic; H2i(X;F) 6= 0 for all
i ∈
{
0, . . . , 12 dim(X)
}
.)
If (a) is true, then since dim(X) < 2λF for all other fixed components
F , there exists a class α˜ ∈ H2i+1
S1
(M ;F) such that α˜
∣∣
X
= α. (See (2.2).)
Since H2i+1(CP∞;F) = 0, α˜
∣∣
y
= 0. Similarly, if (b) is true then there
exists α˜ ∈ H2i
S1
(M ;F) such that α˜
∣∣
X
= α. Since u˜i
∣∣
y
6= 0, we can define
λ =
α˜|y
u˜i|y
and then replace α by α− λui and α˜ by α˜− λu˜i.
Since F is a field, Poincare´ duality implies that there exists a class β ∈
Hdim(X)−j(X;F) such that α∪β = u
1
2
dim(X). As before, there exists β˜ ∈
H
dim(X)−j
S1
(M ;F) such that β˜
∣∣
X
= β. Since u˜
1
2
dim(X)
∣∣
X
=
(
α˜ ∪ β˜
) ∣∣
X
,
and since dim(X) ≤ 2λF − 2 for all other fixed components F , we can
conclude that u˜
1
2
dim(X) = α˜ ∪ β˜. But (α˜ ∪ β˜)
∣∣
y
= α˜
∣∣
y
∪ β˜
∣∣
y
= 0, while
u˜
1
2
dim(X)
∣∣
y
=
(
u˜
∣∣
y
) 1
2
dim(X)
6= 0. This gives a contradiction. q.e.d.
We are now ready to prove our main result.
Proof of Proposition 4.4. By Lemma 4.6, dim(X) ≤ 2λF − 2 for every
other fixed component F . Moreover, there is exactly one fixed compo-
nent F with 2λF = dim(X) + 2.
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By Lemma 2.7, there exists u˜ ∈ H2
S1
(M ;R) such that u˜|X = [ω|X ]
and u˜|y = t(φ(X) − φ(y)) 6= 0 for all fixed points y 6∈ X. Since φ
is a perfect Morse-Bott function, claims (1) and (2) are an immediate
consequence of Lemma 4.8.
If [ω] is integral, then by Lemma 2.7 there exists u˜ ∈ H2
S1
(M ;Z)
and u ∈ H2(X;Z) so that u˜|X = u, u˜|y = t(φ(X) − φ(y)) for all fixed
points y, and u maps to [ω|X ] ∈ H
2(X;R). If the integers {φ(X) −
φ(F )}
F⊂(MrX)S1
are relatively prime, then for any prime p there exists a
fixed point y so that φ(X)−φ(y) 6= 0 mod p. Therefore, by Lemma 4.8,
H∗(X;Zp) = Zp[u]/u
1
2
dim(X)+1. On the one hand, by Lemma 4.9 below,
this implies that H∗(X;Z) is torsion-free. On the other hand, it implies
that ui is primitive for all i ∈ {0, . . . , 12 dim(X)}. Claim (3) follows
immediately. q.e.d.
Lemma 4.9. Let X be a compact manifold. Assume that H2i+1(X;Zp) =
0 for all i and all primes p. Then H∗(X;Z) is torsion free.
Proof. Since X is compact, the homology ring of X is finitely generated.
Moreover, Hom(Z,Zp) = Zp for all primes p, while Hom(Zq,Zp) =
Zp and Ext(Zq,Zp) = Zp if p divides q. Therefore, the claim follows
immediately from the universal coefficient theorem. q.e.d.
Lemma 4.10. Let the circle act on a compact connected symplectic
manifold (M,ω) with moment map φ : M → R. Let X be the minimal
fixed component. Let eS
1
(NX) ∈ H
dim(M)−dim(X)
S1
(X;R) be the equivari-
ant Euler class of the normal bundle of X, and let ΛX be the product of
the weights (with multiplicity) on the normal bundle of X.
(1) If
∑
F⊂MS1
(dim(F ) + 2) = dim(M) + 2, then
eS
1
(NX) = ΛX
∏
F⊂(MrX)S
1
(
t+
[ω|X ]
φ(F )− φ(X)
) 1
2
dim(F )+1
,
where the product is over all fixed components except X.
(2) More generally, there exists λ ∈ H∗
S1
(X;R) such that
(4.11) λ eS
1
(NX) =
∏
F⊂(MrX)S
1
(
t+
[ω|X ]
φ(F )− φ(X)
) 1
2
dim(F )+1
.
Proof. By Lemma 2.7, there exists u˜ ∈ H2
S1
(M ;R) so that
u˜|F = [ω|F ] + t (φ(X)− φ(F ))
for each fixed component F . Hence(
u˜|F + t (φ(F )− φ(X))
) 1
2
dim(F )+1
= 0
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for all F , and so the class∏
F⊂(MrX)S
1
(
u˜+ t (φ(F )− φ(X))
) 1
2
dim(F )+1
vanishes when restricted to any fixed component other than X. There-
fore, Proposition 2.6 (applied to −φ) implies that∏
F⊂(MrX)S
1
(
[ω|X ] + t(φ(F ) − φ(X))
) 1
2
dim(F )+1
= λ′ eS
1
(NX)
for some λ′ ∈ H∗
S1
(X;R). Dividing both sides of this equation by a
suitable constant, we have (2).
Finally, if
∑
F⊂MS1
(dim(F ) + 2) = dim(M) + 2, then∑
F⊂(MrX)S
1
(dim(F ) + 2) = dim(M)− dim(X).
Therefore, λ ∈ R, and by comparing the coefficients of t
1
2
dim(M)− 1
2
dim(X)
on both sides of (4.11), we see that λΛX = 1. q.e.d.
Remark 4.12. More generally, if
∑
F⊂MS1
(dim(F ) + 2) = dim(M)+2
and F is any fixed component, then
eS
1
(N−F ) = Λ
−
F
∏
φ(F ′)<φ(F )
(
t+
[ω|F ]
φ(F ′)− φ(F )
) 1
2
dim(F ′)+1
∈ H∗S1(F ;R),
where eS
1
(N−F ) is the equivariant Euler class of the negative normal
bundle of F , Λ−F is the product of the weights (with multiplicity) in the
negative normal bundle of F , and the product is over all fixed compo-
nents F ′ such that φ(F ′) < φ(F ). The proof for this more general case
is nearly identical, except that it uses the fact that∑
φ(F ′)<φ(F )
(
dim(F ′) + 2
)
= 2λF ,
which follows from Lemma 4.6 and Remark 4.7.
Lemma 4.13. Let the circle act on a compact connected symplectic
manifold (M,ω) with moment map φ : M → R. Let X be the minimal
fixed component; assume that 2 < 2λF for all other fixed components F .
If [ω] is a primitive integral class, so is [ω|X ].
Proof. Since φ is a Morse-Bott function and 2 < 2λF for all other fixed
components F , the natural restriction map from H2(M ;Z) to H2(X;Z)
is an isomorphism. q.e.d.
HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL FIXED SETS 19
Lemma 4.14. Let the circle act on a compact connected symplectic
manifold (M,ω) with moment map φ : M → R. Let X be the minimal
fixed component; assume that dim(X) < 2λF for all other fixed compo-
nents F . If λ[ω|X ]
j is an integral class for some j ∈
{
0, . . . , 12 dim(X)
}
and λ ∈ R, then λ (φ(X)− φ(F ))j ∈ Z for each fixed component F ⊂
MS
1
.
Proof. By Lemma 2.7, there exists u˜ ∈ H2
S1
(M ;R) such that u˜|F =
[ω|F ]+ t(φ(X)−φ(F )) for each fixed component F . Since φ is a Morse-
Bott function and dim(X) < 2λF for all fixed components F other
than X, the natural restriction map from H2i
S1
(M ;Z) to H2i
S1
(X;Z) is
an isomorphism for all i ∈
{
0, . . . , 12 dim(X)
}
. Therefore, if λ u˜j |X =
λ[ω|X ]
j is an integral class, then so is λ u˜j . Therefore, for any y in a
fixed component F , λu˜j|y = λ(φ(X) − φ(F ))
j tj is integral. q.e.d.
5. The case that there are only two fixed components
In this section, we turn to considering the implications of our other
main restriction – the assumption that there are only two fixed compo-
nents, X and Y . The key idea is to exploit the fact that each (nonempty
regular) reduced space is a bundle over X and a bundle over Y ; more
specifically, it is the projectivization of the normal bundle to X and of
the normal bundle to Y .
Proposition 5.1. Let the circle act on a connected compact symplectic
manifold (M,ω) with moment map φ : M → R. Let X be the maximal
fixed component and fix i ∈ N. If the action is semifree, or if H∗(X;Z)
is torsion-free, or if i ≤ dim(M) − dim(X), let R = Z; otherwise, let
R = R. Given a regular value c ∈ R so that MS
1
∩ φ−1(c,+∞) = X,
there is an isomorphism
κX,c : H
i
S1(X;R)/e
S1(NX)
≃
−→ H iS1(φ
−1(c);R) such that
κX,c(α˜|X) = α˜|φ−1(c) ∀ α˜ ∈ H
i
S1(M ;R).
Here, eS
1
(NX) is the equivariant Euler class of the normal bundle to
X.
Proof. Assume first that the action is semifree, or H∗(X;Z) is torsion-
free, or R = R. Then this claim is a special case of the theorem on
the cohomology of reduced spaces proved in [18]; see Theorem 3 and
Propositions 6.4 and 6.7.
Alternatively, as we showed in §2, if any of these criteria holds or if
i ≤ 2λX and R = Z, the long exact sequence in equivariant cohomology
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for the pair (NX , NX rX) breaks into a short exact sequence:
0→ H iS1(NX , NX rX;R)→ H
i
S1(NX ;R)→ H
i
S1(NX rX;R)→ 0.
Since NX ∼ X and NX r X ∼ φ
−1(c), by the Thom isomorphism
theorem we can rewrite this short exact sequence as follows:
0→ H
i−dim(M)+dim(X)
S1
(X;R)→ H iS1(X;R)→ H
i
S1(φ
−1(c);R)→ 0,
where the second arrow is multiplication by eS
1
(NX). q.e.d.
If there are exactly two fixed sets, this has the following corollary:
Corollary 5.2. Let the circle act on a compact symplectic manifold
(M,ω) with moment map φ : M → R. Assume that M has exactly two
fixed components, X and Y . Fix i ∈ N. If the action is semifree, or if
i ≤ min{dim(M) − dim(X),dim(M) − dim(Y )}, let R = Z; otherwise,
let R = R. There is an isomorphism
f : H iS1(X;R)/e
S1(NX)
≃
−→ H iS1(Y ;R)/e
S1(NY ) such that
f(α˜|X) = α˜|Y ∀ α˜ ∈ H
i
S1(M ;R).
Moreover,
f ([ω|X ]) = [ω|Y ] + t
(
φ(X) − φ(Y )
)
and
s f([ω|X ]) + (1− s)[ω|Y ] 6= 0 ∀ s ∈ (0, 1) when dim(M) > 2.
Proof. For simplicity, we may assume that φ(X) < φ(Y ).
By Proposition 5.1, for any c ∈
(
φ(X), φ(Y )
)
f = (κY,c)
−1 ◦ κX,c : H
i
S1(X;R)/e
S1(NX)→ H
i
S1(Y ;R)/e
S1(NY )
is an isomorphism such that f(α˜|X) = α˜|Y for all α˜ ∈ H
i
S1
(M ;R).
By Lemma 2.7, there exists u˜ ∈ H∗
S1
(M ;R) such that u˜|X = [ω|X ] and
u˜|Y = [ω|Y ] + t
(
φ(X)− φ(Y )
)
. Therefore, f ([ω|X ]) = [ω|Y ] + t
(
φ(X)−
φ(Y )
)
.
Finally, fix any s ∈ (0, 1) and let
c = sφ(X) + (1− s)φ(Y ) ∈
(
φ(X), φ(Y )
)
.
Since c is a regular value, Lemma 2.7 implies that κc (u˜− t(φ(X) − c)) =
ωc, where κc is the Kirwan map and (Mc, ωc) is the symplectic reduction
of M at c. Therefore, under the identification of H∗
S1
(φ−1(c);R) and
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H∗(Mc;R),
κY,c (s f ([ω|X ]) + (1− s)[ω|Y ])
= κX,c
(
s [ω|X ] + (1− s)
(
[ω|X ]− t (φ(X) − φ(Y ))
))
= κX,c
(
[ω|X ]− t(φ(X) − c)
)
=
(
u˜− t(φ(X) − c)
)∣∣
φ−1(c)
= κc
(
u˜− t(φ(X) − c)
)
= ωc.
Since ωc 6= 0 when dim(Mc) > 0, the final claim follows immediately.
q.e.d.
It is particularly easy to analyze the case where one of the two fixed
components has codimension two.
Remark 5.3. Consider an effective Hamiltonian circle action on a com-
pact symplectic manifold (M,ω). Assume that MS
1
has exactly two
components, X and Y , and that Y has codimension two. Then the
fixed set data near Y is determined by the data near X. More precisely,
there is a natural isomorphism
H∗(Y ;Z) = H∗S1(X;Z)/e
S1(NX);
under this identification,
e(NY ) = t and c(Y ) = c(X)c
S1(NX).
To see this note that, since rankC(NY ) = 1, the action must be semifree.
Moreover, since eS
1
(NY ) = −t + e(NY ), the inclusion H
∗(Y ;Z) →
H∗
S1
(Y ;Z) induces an isomorphism fromH∗(Y ;Z) toH∗
S1
(Y ;Z)/eS
1
(NY ).
Finally,
cS
1
(M)
∣∣
X
= c(X)cS
1
(NX) and c
S1(M)
∣∣
Y
= c(Y )
(
1 + eS
1
(NY )
)
.
Therefore, the claims follow immediately from Corollary 5.2.
Additionally, when the two fixed components have minimal dimen-
sion, the Chern class of each component is determined by the Chern
class of its normal bundle and the weights of the isotropy action on the
other component.
Lemma 5.4. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume that MS
1
has exactly two com-
ponents, X and Y , where dim(X) + dim(Y ) = dim(M)− 2. Under the
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natural isomorphism
H∗(X) ≃ H∗S1(X)/
(
[ω|X ] + t
(
φ(Y )− φ(X)
))
the total Chern class of X is
c(X) =
∏
λ (1 + λt)
cS1(NX)
,
where the product is over the weights (counted with multiplicity) λ in
NY . Here, NX and NY are the normal bundles to X and Y , respectively.
Proof. By Corollary 5.2, there is an isomorphism
f : H∗S1(X;R)/e
S1(NX)→ H
∗
S1(Y ;R)/e
S1(NY ) such that
f(t) = t, f
(
cS
1
(M)
∣∣
X
)
= cS
1
(M)
∣∣
Y
, and f(u) = v −mt,
where u = [ω|X ], v = [ω|Y ], and m = φ(Y )− φ(X).
Fix a point y ∈ Y . Since f(u+mt)|y = 0, the composition of f and
the restriction map
ι∗y : H
∗
S1(Y ;R)/e
S1(NY )→ H
∗
S1({y};R)/t
1
2
dim(M)− 1
2
dim(Y )
induces a map
g : H∗S1(X;R)/
(
u+mt, eS
1
(NX)
)
→ H∗S1({y};R)/t
1
2
dim(M)− 1
2
dim(Y ) so that
g(u) = −mt and g
(
cS
1
(M)|X
)
= cS
1
(M)
∣∣
y
=
∏
λ
(1 + λt),
where again the product is over all the weights λ in NY . Moreover,
since dim(X) + dim(Y ) = dim(M)− 2, Lemma 4.10 implies that
eS
1
(NX) = ΛX
(
t+
u
m
) 1
2
dim(Y )+1
;
in particular, eS
1
(NX) is a multiple of u+mt. Therefore,
H∗S1(X;R)/
(
u+mt, eS
1
(NX)
)
= H∗S1(X;R)/ (u+mt) .
Finally, Proposition 4.4 implies that
H∗(X;R) = R[u]/u
1
2
dim(X)+1.
Therefore, g is an isomorphism. Since cS
1
(M)|X = c(X)c
S1(NX), the
claim follows immediately. q.e.d.
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6. Proof of Theorem 2 for semifree actions
In this section, we prove Theorem 2 in the case when the circle action
is semifree.
Proposition 6.1. Let the circle act on a compact symplectic manifold
(M,ω) with moment map φ : M → R. Assume that MS
1
has exactly
two components, X and Y , and that dim(X) + dim(Y ) = dim(M)− 2.
Also assume that the action is semifree. Then
H∗(X;Z) = Z[u]/u
1
2
dim(X)+1 and H∗(Y ;Z) = Z[v]/v
1
2
dim(Y )+1;
c(X) = (1 + u)
1
2
dim(X)+1 and c(Y ) = (1 + v)
1
2
dim(Y )+1;
c(NX) = (1 + u)
1
2
dim(Y )+1 and c(NY ) = (1 + v)
1
2
dim(X)+1;
where NX and NY denote the normal bundles to X and Y , respectively.
Moreover, if φ(Y ) > φ(X) and [ω] is a primitive integral class, then
φ(Y )− φ(X) = 1.
Proof. Clearly, the proposition holds if dim(X) = dim(Y ) = 0. Without
loss of generality, we assume that φ(X) < φ(Y ) and that dim(X) > 0.
By assumption, there exist natural numbers i > 0 and j such that
dim(X) = 2i, dim(Y ) = 2j, and dim(M) = 2i+ 2j + 2; hence
(6.2)
rankC(NX) = j + 1 and rankC(NY ) = i+ 1.(6.3)
By Proposition 4.4 and Lemma 4.10,
H∗(X;R) = R[u]/ui+1, where u = [ω|X ], and(6.4)
eS
1
(NX) =
(
t+
u
m
)j+1
, where m = φ(Y )− φ(X).(6.5)
Since the action is semifree, (6.5) and Lemma 2.8 imply that the total
equivariant Chern class of NX is
(6.6) cS
1
(NX) =
(
1 + t+
u
m
)j+1
.
Similarly, (6.3), (6.6), and Lemma 5.4 imply that the total Chern class
of X is
(6.7) c(X) =
(
1 +
u
m
)i+1
= 1 + (i+ 1)
u
m
+ · · ·+ (i+ 1)
ui
mi
.
By (6.4) and (6.7), the Euler characteristic of X is
(6.8) i+ 1 =
∑
k
(−1)k dim
(
Hk(X;R)
)
=
∫
X
ci(X) = (i+ 1)
∫
X
ui
mi
.
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Therefore, u
i
mi
∈ H2i(X;R) is a primitive integral class. By multiplying
[ω] by a constant, we may assume that [ω] is also a primitive integral
class. Hence, u = [ω|X ] ∈ H
2(X;R) is a primitive integral class by
Lemma 4.13. By Poincare´ duality, these two facts imply that u
i−1
mi
∈
H2i−2(X,R) is an integral class. By Lemma 4.14, this implies that mi
divides mi−1, that is,
(6.9) m = 1.
By Proposition 4.4, this implies that
(6.10) H∗(X;Z) = Z[u]/ui+1.
Since nearly identical arguments can be applied to Y , the claim now
follows immediately from (6.2), (6.6), (6.7), (6.9), and (6.10).
q.e.d.
7. Isotropy submanifolds
Let the circle act effectively on a compact symplectic manifold (M,ω).
If the action is not semifree, then the assumption that there are only
two fixed components induces strong restrictions on M itself and on its
isotropy submanifolds, especially if the fixed components have relatively
simple cohomology. Here, an isotropy submanifold is a symplectic
submanifold MZk (M which is not fixed by the S1 action, but is fixed
by the Zk action for some k > 1.
We begin with some results which do not depend on the cohomology
of the fixed components.
Lemma 7.1. Let the circle act effectively on a connected compact sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume that M
has exactly two fixed components, X and Y .
• If the action is not semifree, then dim(X) = dim(Y ).
• Given an isotropy submanifold Q ( M , there exists a cohomol-
ogy class α˜ ∈ H
dim(Q)−dim(X)
S1
(M ;Z) so that
α˜|X = e
S1(NQX ) and α˜|Y = ±e
S1(NQY ),
where NQX and N
Q
Y are the normal bundles of X and Y in Q.
Proof. Assume that the action is not semifree, and fix any isotropy sub-
manifoldQ (M . Consider a cohomology class µ ∈ H
dim(Q)−dim(X)
S1
(M ;R).
By applying Corollary 5.2 to µ|Q ∈ H
dim(Q)−dim(X)
S1
(Q;R), we see that
µ|X is a multiple of e
S1(NQX ) ∈ H
∗
S1
(X;R) exactly if µ|Y is a multiple
of eS
1
(NQY ) ∈ H
∗
S1
(Y ;R).
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Assume first that dim(X) > dim(Y ). Since (2.2) is exact for R = R,
there exists α˜ ∈ H
dim(Q)−dim(X)
S1
(M ;R) such that α˜|X = e
S1(NQX ). By
the first paragraph, α˜|Y = ae
S1(NQY ) for some a ∈ H
dim(Y )−dim(X)
S1
(Y ;R).
Since dim(Y ) − dim(X) < 0, this implies that α˜|Y = 0. Now we
apply Corollary 5.2 to α˜ on M ; since α˜|Y = 0, α˜|X is a multiple of
eS
1
(NX), where NX is the normal bundle of X in M . Since deg (α˜) <
deg
(
eS
1
(NX)
)
, this implies that α˜|X = 0, which gives a contradiction.
Therefore,
dim(X) = dim(Y ).
Since dim(Q)−dim(X) = dim(Q)−dim(Y ), Corollary 5.2 (applied to
µ|Q) implies that for any cohomology class µ ∈ H
dim(Q)−dim(X)
S1
(M ;Z),
µ|X is an integer multiple of e
S1(NQX ) ∈ H
∗
S1
(X;Z) exactly if µ|Y is an
integer multiple of eS
1
(NQY ) ∈ H
∗
S1
(Y ;Z). Moreover, since dim(Q) −
dim(X) < dim(M) − dim(Y ) = 2λY , (2.2) is exact if we take R = Z,
j = dim(Q) − dim(X), and F = Y . Thus, there exists an integral class
α˜ ∈ H
dim(Q)−dim(X)
S1
(M ;Z) such that α˜|X = e
S1(NQX ). Similarly, there
exists β˜ ∈ H
dim(Q)−dim(Y )
S1
(M ;Z) such that β˜|Y = e
S1(NQY ). By the
argument above, α˜|Y = ae
S1(NQY ) for some a ∈ Z and β˜|X = be
S1(NQX )
for some b ∈ Z. Then (β˜ − bα˜)|X = 0. Hence the same argument as the
last paragraph and the fact that
deg
(
β˜− bα˜
)
= dim(Q)−dim(Y ) < dim(M)−dim(Y ) = deg
(
eS
1
(NY )
)
,
whereNY is the normal bundle of Y inM , yield that (β˜−bα˜)|Y = 0. On
the other hand, by a direct computation, (β˜−bα˜)|Y = (1−ab)e
S1(NQY ).
This is only possible if ab = 1, which implies that a = b = ±1. q.e.d.
Corollary 7.2. Let the circle act effectively on a compact symplec-
tic manifold (M,ω) with moment map φ : M → R. Assume that M
has exactly two fixed components, X and Y , and that the action is not
semifree. Then
ΞX = −ΞY ,
where ΞX and ΞY denote the multisets of weights (counted with multi-
plicity) for the isotropy action on NX and NY , respectively.
Proof. Consider any k > 1. Since MS
1
has only two components, if
there exists any points with stabilizer Zk, then the isotropy submanifold
MZk is connected and contains X and Y . Moreover, since the action
is not semifree, dim(X) = dim(Y ) by Lemma 7.1. Therefore, k divides
exactly the same number of weights in ΞX and ΞY . q.e.d.
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Lemma 7.3. Let A be a set of relatively prime natural numbers a1 <
· · · < aN . Assume that for each i and k in {1, . . . , N}, there exists
j ∈ {1, . . . , N} such that ai + aj = 0 mod ak. Then ai = i for all i.
Proof. The claim is obvious if N = 1. Assume that the claim holds for
N − 1.
Consider any i ∈ {1, . . . , N − 1}. By assumption, there exists j ∈
{1, . . . , N} such that ai+ aj = 0 mod aN . Since ai < aN and aj ≤ aN ,
this implies that ai+aj = aN . Since a1 < · · · < aN−1, this immediately
implies that
ai + aN−i = aN ∀ i ∈ {1, . . . , N − 1}.
Let A′ = {a1, . . . , aN−1}. Since the elements of A are relatively prime,
the equation above immediately implies that the elements of A′ are
relatively prime. Moreover, fix i and k in {1, . . . , N−1}. By assumption,
there exists j ∈ {1, . . . , N} such that ai + aj = 0 mod ak. Moreover,
if j = N , then since ak + aN−k = aN this implies that ai + ak +
aN−k = 0 mod ak, and hence ai+aN−k = 0 mod ak. By the inductive
hypothesis, this implies that A′ = {1, . . . , N − 1}. The result follows
immediately. q.e.d.
Lemma 7.4. Let the circle act on a compact symplectic manifold (M,ω).
Let p and q be fixed points which lie on the same component N of MZk
for some k > 1. Then the weights of the action at p and at q are equal
modulo k.
For a proof of this lemma, see Lemma 2.6 in [17].
Proposition 7.5. Let the circle act effectively on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Assume that MS
1
has
exactly two components, X and Y . Then there exists N ∈ N so that the
set of distinct weights for the isotropy action on NX is {1, . . . , N}.
Proof. Let A = {a1, . . . , aN} ⊂ N be the set of distinct weights for the
isotropy action on NX . By Corollary 7.2 the set of distinct weights for
the isotropy action on NY is {−a1, . . . ,−aN}. Moreover, by Lemma 7.4,
for each i and k in {1, . . . , N}, there exists j ∈ {1, . . . , N} such that
ai = −aj mod ak. Finally, since the action is effective, a1, . . . , aN are
relatively prime. Therefore, Lemma 7.3 implies that A = {1, 2, · · · , N}
for some N ∈ N. q.e.d.
The remaining results depend on the cohomology of the fixed com-
ponents.
Lemma 7.6. Let the circle act effectively on a compact symplectic man-
ifold (M,ω) with moment map φ : M → R. Assume that MS
1
has
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exactly two components, X and Y . Assume that b2(X) = 1, and let
Q ( M be an isotropy submanifold such that dim(Q) − dim(Y ) = 2.
Then
c1(N
Q
X ) = 0,
where NQX denotes the normal bundle to X in Q.
Proof. By Lemma 7.1, dim(X) = dim(Y ). Since dim(M) > dim(Q),
the fact that dim(Q) − dim(Y ) = 2 implies that dim(M) − dim(X) =
dim(M) − dim(Y ) > 2. Hence, H2(M ;R) = H2(X;R) = H2(Y ;R) =
R. In particular, after possibly multiplying [ω] by a constant, we may
assume that [ω] is a primitive integral class. The induced S1/Zq action
on Q =MZq is semifree, and the moment map for this action is φ′ = φ
q
.
Let u = [ω|X ], v = [ω|Y ], and m = φ
′(Y )− φ′(X).
Since dim(Q)−dim(Y ) = 2, eS
1
(NQY ) = −t+e(N
Q
Y ) and soH
∗(Y ;Z) ≃
H∗
S1
(Y ;Z)/eS
1
(NQY ) (see Remark 5.3); similarly, e
S1(NQX ) = t+ e(N
Q
X )
and H∗(X;Z) ≃ H∗
S1
(X;Z)/eS
1
(NQX ). Therefore, by Corollary 5.2 (ap-
plied on Q), there exists an isomorphism f : H∗(Y ;Z) → H∗(X;Z) so
that f(v) = u − me(NQX ) and so that sf(v) + (1 − s)u 6= 0 for all
s ∈ (0, 1). On the one hand, by Lemma 4.13, both u and v are primitive
integral classes. Since f is an isomorphism, f(v) is also primitive. Since
H2(X;R) = R, this implies that f(v) = ±u. On the other hand, since
H2(X;R) = R, the fact that sf(v) + (1 − s)u 6= 0 for all s ∈ (0, 1)
implies that f(v) is a positive multiple of u. Together, these two claims
imply that f(v) = u. Since f(v) = u−me(NQX ) and m 6= 0, this implies
that c1(N
Q
X ) = e(N
Q
X ) = 0. q.e.d.
Lemma 7.7. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume that MS
1
has exactly two com-
ponents, X and Y . Assume that b2(X) = 1, and let Q ( M be an
isotropy submanifold such that dim(Q)− dim(Y ) > 2. Then
c1(NQ|X) = 2ΓQ
u
m
,
where NQ is the normal bundle of Q in M , ΓQ is the sum of the
weights (counted with multiplicities) of the isotropy action on NQ|X ,
m = φ(Y )− φ(X), and u = [ω|X ].
Proof. By Corollary 7.2, the sum of the weights (counted with multi-
plicity) of the S1 action on NQ
∣∣
Y
is −ΓQ. Hence,
cS
1
1 (NQ)
∣∣
x
= ΓQ t ∀ x ∈ X, and c
S1
1 (NQ)
∣∣
y
= −ΓQ t ∀ y ∈ Y.
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By Lemma 2.7, there exists u˜ ∈ H2
S1
(Q;R) such that u˜|X = u and
u˜|Y = v − mt, where v = [ω|Y ]. Since H
2(X;R) = R and dim(Q) −
dim(Y ) > 2, there exists a and b in R such that
cS
1
1 (NQ) = au˜+ b(u˜+mt).
Therefore,
cS
1
1 (NQ)
∣∣
x
= bmt ∀ x ∈ X, and cS
1
1 (NQ)
∣∣
y
= −amt ∀ y ∈ Y.
The claim follows immediately.
q.e.d.
Lemma 7.8. Let the circle act effectively on a compact symplectic man-
ifold (M,ω) with moment map φ : M → R. Assume that MS
1
has
exactly two components, X and Y . Assume that b2i(X) = 1 for all
i ∈
{
0, . . . , 12 dim(X)
}
. Finally, assume that the action is not semifree,
and split NX =
⊕
k Vk, where NX is the normal bundle to X in M and
Vk ⊂ NX is the subbundle on which S
1 acts with weight k. Let V ⊂ NX
be the direct sum of some subset of the Vk’s. If rankCV > 1, then
c1(V ) = ν ΓV
u
m
, where 0 < ν < 2.
Here, ΓV is the sum of the weights (counted with multiplicities) of the
S1 action on V , m = φ(Y )− φ(X) and u = [ω|X ].
Proof. Let Q =MZq (M be an isotropy submanifold. By Lemma 7.1,
dim(X) = dim(Y ), and there exists α˜ ∈ H2r
S1
(M ;R) so that
(7.9) α˜|X = e
S1(NQX ) and α˜|Y = ±e
S1(NQY ).
Here, NQX and N
Q
Y denote the normal bundles of X and Y , respectively,
in Q, and dim(Q)− dim(X) = dim(Q)− dim(Y ) = 2r.
Let ΛQX denote the product of the weights (counted with multiplicity)
of the isotropy action on NQX . By Corollary 7.2, the product of the
weights of the isotropy action on NQY is (−1)
rΛQX . Hence,
eS
1(
NQX
)∣∣
x
= ΛQX t
r ∀ x ∈ X, and eS
1(
NQY
)∣∣
y
= (−1)rΛQX t
r ∀ y ∈ Y.
(7.10)
By Lemma 2.7, there exists u˜ ∈ H2
S1
(M ;R) such that u˜|X = u and
u˜|Y = v −mt, where v = [ω|Y ]. Since X is symplectic and b2i(X) = 1
for all i ∈
{
0, . . . , 12 dim(X)
}
,
Heven(X;R) = R[u]/u
1
2
dim(X)+1.
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Hence, since dim(M)− dim(Y ) > dim(Q)− dim(Y ) = 2r, we can write
α˜ =
∑
ai
(
u˜
m
)i( u˜
m
+ t
)r−i
, where(7.11)
α˜|x = a0t
r ∀ x ∈ X, and α˜|y = ar(−t)
r ∀ y ∈ Y.(7.12)
Combining equations (7.9), (7.10), and (7.12), we see that a0 = ±ar.
Therefore, (7.11) implies that
eS
1
(NQX ) =
∑
ai
( u
m
)i ( u
m
+ t
)r−i
, where a0 = ±ar.(7.13)
On the other hand, by Lemma 4.10,
(
u
m
+ t
) 1
2
dim(X)+1
is a multiple
of eS
1
(NX). Since NX =
⊕
k Vk, and hence
eS
1
(NX) =
∏
eS
1
(Vk) ∈ H
even
S1 (X;R) ≃ R[u, t]/u
1
2
dim(X)+1,
this implies that the eS
1
(Vk)’s can be identified with polynomials in
C[u, t] whose product divides
(
u
m
+ t
) 1
2
dim(X)+1
+
(
λ u
m
) 1
2
dim(X)+1
for
some λ ∈ C. Write
eS
1
(Vk) = k
rk
∑
αk,i
( u
m
)i ( u
m
+ t
)rk−i
,
where rk = rankCVk; note that αk,0 = 1. Since
( u
m
+ t
) 1
2
dim(X)+1
+
(
λ
u
m
) 1
2
dim(X)+1
=
1
2
dim(X)∏
i=0
(
u
m
+ t+ e
i4pi
√−1
dim(X)+2 λ
u
m
)
,
this implies that for all k,
|αk,rk | = |λ|
rk and |αk,1| ≤ rk|λ|.
Moreover, if rk > 1 then |αk,1| < rk|λ|, while if rk = rk′ = 1, then
αk,1 6= αk′,1 unless k = k
′. Since NQX =
⊕
n Vnq, the fact that a0 = ±ar
in (7.13) implies that |λ| = 1. Therefore, (since eS
1
(Vk) is real)
eS
1
(Vk) = (kt)
rk + νkkrk
u
m
(kt)rk−1 + lower order terms,
where 0 < νk < 2 for all k except possibly:
• at most one k such that rk = 1 and νk = 0; and
• at most one k such that rk = 1 and νk = 2.
By Lemma 2.8,
c1(Vk) = νkkrk
u
m
.
The claim follows immediately. q.e.d.
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Proposition 7.14. Let the circle act effectively on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Assume that MS
1
has exactly two components, X and Y , and that b2i(X) = 1 for all
i ∈
{
0, . . . , 12 dim(X)
}
.
• No point has stabilizer Zk for any k > 2.
• If the action is not semifree, then
dim(MZ2)− dim(Y ) = 2 or dim(M)− dim(MZ2) = 2 (or both).
Proof. To begin, let Q ⊂ M be an isotropy submanifold such that
dim(Q) − dim(Y ) > 2 and dim(M) − dim(Q) > 2. Let NQ be the
normal bundle of Q in M , ΓQ be the sum of the weights (counted with
multiplicity) of the isotropy action on NQ|X , m = φ(Y ) − φ(X), and
u = [ω|X ]. By Lemma 7.8,
c1(NQ|X) = ν ΓQ
u
m
, where ν < 2.
On the other hand, the fact that dim(M) − dim(Q) > 2 implies that
dim(M) − dim(Y ) > 2. Since φ is a perfect Morse-Bott function,
dim(X) > 0, and so b2(X) = 1 by assumption. Hence, by Lemma 7.7,
c1(NQ|X) = 2ΓQ
u
m
.
This gives a contradiction. Therefore, for any isotropy submanifold
Q (M ,
(7.15) dim(Q)−dim(Y ) = 2 or dim(M)−dim(Q) = 2 (or both).
Let NX be the normal bundle to X. By Proposition 7.5, there exists
N ∈ N so that the set of distinct weights for the isotropy action on NX
is {1, 2, . . . , N}. Split NX =
∑N
k=1 Vk, where Vk is the subbundle of NX
on which S1 acts with weight k.
Assume that N > 2. Then it is easy to check that dim(M) −
dim(MZk) > 2 for all k ∈ {2, . . . , N}. By (7.15), this implies that
dim(MZk) − dim(Y ) = 2 for all such k. Therefore, by Lemma 7.6,
c1(VN−1) = 0 and c1(VN ) = 0, and so c1(VN−1 ⊕ VN ) = 0. This contra-
dicts Lemma 7.8, which implies that c1(VN ⊕ VN−1) 6= 0. q.e.d.
8. Proof of Theorem 2 for actions which are not semifree
In this section, we prove Theorem 2 in the case that the circle action
is not semifree.
Proposition 8.1. Let the circle act effectively on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Assume that MS
1
HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL FIXED SETS 31
has exactly two components, X and Y , and that dim(X) + dim(Y ) =
dim(M)− 2. Also assume that the action is not semifree. Then
H∗(X;Z) = Z[u]/ui+1 and c(X) = (1 + u)i+1;
H∗(Y ;Z) = Z[v]/vi+1 and c(Y ) = (1 + v)i+1;
where dim(X) = dim(Y ) = 2i ≥ 2.
Moreover, no point has stabilizer Zk for any k > 2; dim(M
Z2) =
dim(M)− 2;
c
(
NMZ2
)∣∣
X
= 1 + u and c
(
NMZ2
)∣∣
Y
= 1 + v;
c
(
NM
Z2
X
)
=
(1 + u)i+1
1 + 2u
and c
(
NM
Z2
Y
)
=
(1 + v)i+1
1 + 2v
,
where NMZ2 denotes the normal bundle of M
Z2 in M , and NM
Z2
X and
NM
Z2
Y denote the normal bundles of X and Y , respectively, in M
Z2 .
Proof. This claim follows from Lemmas 8.2, 8.3, 8.15, and 8.34. q.e.d.
To begin, note that the following lemma is an immediate consequence
of Propositions 4.4 and 7.14.
Lemma 8.2. If the assumptions of Proposition 8.1 hold, then no point
has stabilizer Zk for any k > 2.
Lemma 8.3. If the assumptions of Proposition 8.1 hold and, addition-
ally, dim(MZ2)− dim(Y ) = 2, then
dim(M) = 6 and dim(X) = dim(Y ) = 2;
H∗(X;Z) = Z[u]/u2 and H∗(Y ;Z) = Z[v]/v2;
c(X) = 1 + 2u and c(Y ) = 1 + 2v;
c
(
NMZ2
)∣∣
X
= 1 + u and c
(
NMZ2
)∣∣
Y
= 1 + v;
c
(
NM
Z2
X
)
= 1 and c
(
NM
Z2
Y
)
= 1.
Moreover, if φ(Y ) > φ(X) and [ω] is a primitive integral class, then
φ(Y )− φ(X) = 2.
Proof. Without loss of generality, we may assume that φ(X) < φ(Y ).
By Lemma 7.1, since the action is not semifree, dim(X) = dim(Y );
hence there exists i ∈ N such that
dim(X) = dim(Y ) = 2i and dim(M) = 4i+ 2.(8.4)
By assumption,
dim
(
MZ2
)
− dim(Y ) = 2.(8.5)
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By Proposition 4.4
H∗(X;R) = R[u]/ui+1, where u = [ω|X ].(8.6)
By (8.4), (8.5), and Lemma 4.10,
(8.7) eS
1
(NX) = 2
(
t+
u
m
)i+1
, where m = φ(Y )− φ(X).
Here, NX is the normal bundle to X in M . Moreover, by Lemma 7.6
and (8.5),
(8.8) eS
1(
NM
Z2
X
)
= 2t.
Since eS
1
(NX) = e
S1
(
NM
Z2
X
)
eS
1(
NMZ2
)∣∣
X
, (8.7) and (8.8) imply that
(8.9)
eS
1(
NMZ2
)∣∣
X
=
1
t
(
t+
u
m
)i+1
= ti + (i+ 1)
u
m
ti−1 + · · ·+ (i+ 1)
ui
mi
.
By (8.8), (8.9) and Lemma 2.8,
(8.10)
cS
1(
NMZ2 )
∣∣
X
=
1
1 + t
(
1 + t+
u
m
)i+1
and cS
1(
NM
Z2
X
)
= 1 + 2t.
Therefore, since cS
1
(NX) = c
S1
(
NMZ2 )
∣∣
X
cS
1(
NM
Z2
X
)
,
(8.11) cS
1
(NX) =
(
1 + t+
u
m
)i+1 1 + 2t
1 + t
.
By Lemma 5.4, (8.5) and (8.11) imply that,
c(X) =
(
1 + u
m
)i (
1 + 2 u
m
) (
1− u
m
)
1− 2 u
m
=
(
1 + u
m
)i
1− 2 u
m
+
u
m
(
1 +
u
m
)i
= 1 + (i+ 3)
u
m
+ · · ·+ (3i + i)
ui
mi
.
(8.12)
By (8.6) and (8.12), the Euler characteristic of X is
i+ 1 =
∑
k
(−1)k dim(Hk(X;R)) =
∫
X
ci(X) = (3
i + i)
∫
X
ui
mi
.
Therefore, 3
i+i
i+1
ui
mi
∈ H2i(X;R) is a primitive integral class. On the
other hand, since eS
1
(NX) is an integral class, (8.9) implies that (i+1)
ui
mi
is an integral class. Combined, these two facts imply that (i+1)
2
3i+i
is an
integer. But this is impossible unless
(8.13) i = 1,
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and so 2 u
m
∈ H2(M ;R) is a primitive integral class. By multiplying
ω by a constant, we may also assume that [ω] is a primitive integral
class. Hence, u ∈ H2(M ;R) is a primitive integral class by Lemma 4.13.
Therefore,
(8.14) m = 2.
Since nearly identical arguments can be applied to Y , the claims now
follow from (8.4), (8.10), (8.12), (8.6), (8.13), and (8.14). q.e.d.
Lemma 8.15. If the assumptions of Proposition 8.1 hold and, addi-
tionally, dim(MZ2)− dim(Y ) > 2, then
dim(X) = dim(Y ) = 2i > 2 and dim(MZ2) = dim(M)− 2;
H∗(X;Z)/torsion = Z[u]/ui+1 and H∗(Y ;Z)/torsion = Z[v]/vi+1;
c(X) = (1 + u)i+1 and c(Y ) = (1 + v)i+1;
c
(
NMZ2
)∣∣
X
= 1 + u and c
(
NMZ2
)∣∣
Y
= 1 + v;
c
(
NM
Z2
X
)
=
(1 + u)i+1
1 + 2u
and c
(
NM
Z2
Y
)
=
(1 + v)i+1
1 + 2v
,
where the last six equations are as elements of H∗(X;R) or of H∗(Y ;R).
Moreover, if φ(Y ) > φ(X) and [ω] is a primitive integral class, then
φ(Y )− φ(X) = 2.
Proof. Without loss of generality, we may assume that φ(X) < φ(Y ).
By Lemma 7.1, since the action is not semifree, dim(X) = dim(Y );
hence there exists i ∈ N such that
dim(X) = dim(Y ) = 2i and dim(M) = 4i+ 2.(8.16)
Since dim
(
MZ2
)
− dim(Y ) > 2, Proposition 7.14 implies that
(8.17) dim(M)− dim
(
MZ2
)
= 2.
By Proposition 4.4,
H∗(X;R) = R[u]/ui+1, where u = [ω|X ].(8.18)
By (8.16) and (8.17) and Lemma 4.10,
eS
1
(NX) = 2
i
(
t+
u
m
)i+1
, where m = φ(Y )− φ(X).(8.19)
Here, NX is the normal bundle toX inM . Moreover, since dim
(
MZ2
)
−
dim(Y ) > 2, Lemma 7.7 implies that
(8.20) eS
1(
NMZ2
)∣∣
X
= t+ 2
u
m
.
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Since eS
1
(NX) = e
S1
(
NM
Z2
X
)
eS
1(
NMZ2
)∣∣
X
, (8.19) and (8.20) imply that
(8.21) eS
1(
NM
Z2
X
)
=
(
2t+ 2 u
m
)i+1
2t+ 4 u
m
.
By Lemma 2.8, (8.20) and (8.21) imply that
(8.22)
cS
1(
NMZ2
)∣∣
X
= 1 + t+ 2
u
m
and cS
1(
NM
Z2
X
)
=
(1 + 2t+ 2 u
m
)i+1
1 + 2t+ 4 u
m
.
Therefore, since cS
1
(NX) = c
S1
(
NM
Z2
X
)
cS
1(
NMZ2
)∣∣
X
,
(8.23) cS
1
(NX) =
(1 + 2t+ 2 u
m
)i+1
1 + 2t+ 4 u
m
(1 + t+ 2
u
m
).
By Lemma 5.4, (8.16), (8.17), and (8.23) imply that
(8.24) c(X) =
(
1 + 2
u
m
)i+1
= 1 + (i+ 1)2
u
m
+ · · ·+ (i+ 1)
(
2
u
m
)i
.
By (8.18) and (8.24) the Euler characteristic of X is
(i+ 1)2i
∫
X
ui
mi
=
∫
X
ci(X) =
∑
k
(−1)k dimHk(X) = i+ 1.
So 2i u
i
mi
∈ H2i(X,Z) is a primitive integral class. By multiplying ω by
a constant, we may assume that [ω] is a primitive integral class. Hence,
u is a primitive integral class by Lemma 4.13. On the one hand, since
cS
1(
NMZ2
)∣∣
X
is an integral class, (8.22) implies that 2
m
∈ Z. On the
other hand, since ui is an integral class and 2
i
mi
ui is a primitive integral
class, m
i
2i
∈ Z. Together, these imply that
(8.25) m = 2 and ui is a primitive integral class.
Since nearly identical arguments can be applied to Y , claim now follows
from (8.18), (8.22), (8.24), and (8.25). q.e.d.
Lemma 8.26. Let the circle act on a compact symplectic manifold
(Q,ω) with moment map φ : Q → R. Assume that there are exactly
two fixed components, X and Y . Assume that dim(X) = dim(Y ) = 2i
and dim(Q) = 4i for some i > 1. Let F be R or Zp, and when F = Zp,
we assume that the action is semifree. Let
eS
1
(NQY ) = ΛY
(
ti + µti−1 + lower order terms
)
∈ H2iS1(Y ;F),
where NQY is the normal bundle to Y in Q. Assume also that there exist
classes u˜ and µ˜ in H2
S1
(Q;F) such that
(1) u˜|x = 0 for all x ∈ X;
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(2) u˜|y 6= 0 for all y ∈ Y ;
(3) µ˜|Y = µ; and
(4) µ˜|x 6= −it for all x ∈ X.
Then H2k+1(X;F) = 0 for all k.
Proof. Assume on the contrary that there exists a non-zero class α ∈
H2k+1(X;F) for some k. By assumptions (1) and (2), there exist u and
v in H2(X;F) and a non-zero m ∈ F such that
(8.27) u˜|X = u and u˜|Y = v +mt.
Since F is a field, Poincare´ duality implies that there exists β ∈ H2i−2k−1(X;F)
such that α ∪ β = ui. Since 2k + 1 and 2i − 2k − 1 are both smaller
than 2λY = dim(Q)− dim(Y ), there exist classes α˜ ∈ H
2k+1
S1
(Q;F) and
β˜ ∈ H2i−2k−1
S1
(Q;F) such that α˜|X = α and β˜|X = β.
Since H∗
S1
(Y ;F) = H∗(Y ;F)[t], we can write α˜|Y =
∑
a2j+1t
k−j and
β˜|Y =
∑
b2j+1t
i−k−j−1, where a2j+1 and b2j+1 lie in H
2j+1(Y ;F) for
all j. Moreover, since 1 < 2i, there exist classes a˜1 ∈ H
1
S1
(Q;F) and
b˜1 ∈ H
1
S1
(Q;F) such that a˜1|Y = a1 and b˜1|Y = b1. Finally, since
H1(CP∞;F) = 0 for all x ∈ X, a˜1|x = b˜1|x = 0. Therefore,(
α˜ ∪ β˜
)∣∣
Y
= (a1 ∪ b1) t
i−1 + lower order terms,(8.28) (
a˜1 ∪ b˜1
)∣∣
Y
= a1 ∪ b1, and(8.29) (
a˜1 ∪ b˜1
)∣∣
x
= 0.(8.30)
Since the action is semifree when F = Zp, we have the short exact
sequence (2.2) for both F = R and F = Zp. Since dim(Q)−dim(Y ) = 2i
and u˜i
∣∣
X
=
(
α˜ ∪ β˜
)∣∣
X
, by (2.2), there exists c ∈ F so that
(8.31)
(
α˜ ∪ β˜
)∣∣
Y
= u˜i
∣∣
Y
+ c eS
1
(NQY )
=
(
miti + ivmi−1ti−1
)
+ ΛY
(
cti + cµti−1
)
+ lower order terms.
Comparing the highest order terms of (8.28) and (8.31), we see that
cΛY = −m
i.
Hence, by comparing the next highest order terms, we see that
a1 ∪ b1 = m
i−1 (iv −mµ) .
By (8.27), (8.29), and assumption (3), this implies that(
a˜1 ∪ b˜1
)∣∣
Y
= mi−1
(
iu˜− imt−mµ˜
)∣∣
Y
.
Since 2 < dim(Q)− dim(X) = 2i, this implies that
(8.32) a˜1 ∪ b˜1 = m
i−1 (iu˜− imt−mµ˜) .
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But by (8.27) and assumption (4),
(8.33) mi−1
(
iu˜− imt−mµ˜
)∣∣
x
6= 0 ∀ x ∈ X.
Clearly, (8.30), (8.32), and (8.33) give a contradiction. q.e.d.
Lemma 8.34. If the assumptions of Proposition 8.1 hold, then H∗(MS
1
;Z)
is torsion-free.
Proof. By Lemma 8.2, no point inM has stabilizer Zk for any k > 2. By
Lemma 8.3, the cohomology H∗(MS
1
;Z) is torsion-free if dim
(
MZ2
)
−
dim(Y ) = 2, and so we may assume that dim
(
MZ2
)
− dim(Y ) > 2.
By Lemma 8.15, dim(X) = dim(Y ) = 2i and dim(MZ2) = 4i for some
i > 1.
By Lemma 8.15, H2(M ;R) = R. Therefore, by multiplying ω by a
constant, we may assume that [ω] is a primitive integral class. The in-
duced effective S1 = S1/Z2 action on M
Z2 is semifree, and the moment
map for this action is φ′ = φ/2. By Lemma 8.15, φ(Y )−φ(X) = 2, and
so φ′(Y ) − φ′(X) = 1. Hence, by Lemma 2.7, there exists an integral
class u˜ ∈ H2
S1
(MZ2 ;R), such that
(8.35) u˜
∣∣
X
= [ω|X ] ∈ H
2
S1(X;R) and u˜
∣∣
Y
= [ω|Y ]− t ∈ H
2
S1(Y ;R).
In particular, for any prime p, there exists u˜ ∈ H2
S1
(
MZ2 ;Zp
)
such that
u˜|x = 0 for all x ∈ X and u˜|y 6= 0 for all y ∈ Y .
By Lemmas 8.15 and 2.8, the equivariant Euler class of the normal
bundle of Y in MZ2 (for the semifree S1/Z2 action on M
Z2) is given by
eS
1(
NM
Z2
Y
)
=
(−t+ v)i+1
−t+ 2v
= (−1)i
(t− v)i+1
t
(
1 +
2v
t
+ lower order terms
)
= (−1)i
(
ti + (1− i)vti−1 + lower order terms
)
∈ H2iS1
(
MZ2 ;R
)
,
where v = [ω|Y ] ∈ H
2(Y ;R). Moreover, by (8.35),
(1− i) (u˜+ t)
∣∣
Y
= (1− i)v, and(8.36)
(1− i) (u˜+ t)
∣∣
x
= (1− i)t ∀ x ∈ X.(8.37)
Finally, fix any prime p, and write
eS1(NM
Z2
Y ) = (−1)
i
(
ti + µti−1 + lower order terms
)
∈ H2iS1(Y ;Zp),
where µ ∈ H2(Y ;Zp). Since 2 < dim(M
Z2) − dim(X) = 2i, there
exists a unique µ˜ ∈ H2
S1
(MZ2 ;Zp) such that µ˜|Y = µ. By the preceding
paragraph, µ˜|x = (1 − i)t 6= −it ∈ H
2(CP∞;Zp). By Lemma 8.26, this
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implies that H2k+1(X;Zp) = 0 for all k and all primes p. By Lemma 4.9,
this proves the claim. q.e.d.
Remark 8.38. In fact, we can use Lemma 4.8 to give a simpler proof
that H2k+1(MS
1
;Zk) = 0 for all k > 2.
Appendix A. Possible stabilizer subgroups
The goal of this appendix is to prove the following proposition.
Proposition A.1. Let the circle act effectively on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Assume that MS
1
has
exactly two components. Then no point has stabilizer Zk for any k > 6.
Proof. Let X and Y be the fixed components. Let ΞX denote the mul-
tiset of weights for the isotropy action on the normal bundle to X. By
Corollary 7.2, if the action is not semifree, the multiset of weights for
the isotropy action on the normal bundle to Y is −ΞX . By Lemma 7.4,
ΞX = −ΞX mod a for each a ∈ ΞX . Finally, since the action is ef-
fective, the weights in ΞX are relatively prime. The result now follows
immediately from Lemma A.2. q.e.d.
Lemma A.2. Let W be a multiset of natural numbers which are rel-
atively prime. Assume that W contains exactly N distinct numbers
a1 < · · · < aN which have (non-zero) multiplicities m1, . . . ,mN , re-
spectively. Let −W be the multiset of negative integers which con-
tains −a1, . . . ,−aN with the same multiplicity. Assume that W = −W
mod ai for all i ∈ {1, . . . , N}. Then
(1) ai = i for all i ∈ {1, . . . , N}.
(2) If N = 3, then m2 = m1.
(3) If N = 4, then m3 = m1 and m2 = m1 +m4.
(4) If N = 5, then m4 = m1 = 2m5 and m3 = m2 = 3m5.
(5) If N = 6, then m2 = m3 = m4 = 2m1 = 2m5 = 2m6.
(6) N ≤ 6.
Proof. The first claim follows immediately from Lemma 7.3. Now,
the fact that W = −W mod N implies that mi = mN−i for all i ∈
{1, . . . , N−1}.Moreover, ifN > 3, the fact thatW = −W mod (N−1)
implies m1 +mN = mN−2 and mi = mN−i−1 for all i ∈ {2, . . . , N − 3}.
Therefore,
m1 = mN−1, and(A.3)
m2 = m3 = · · · = mN−2 = m1 +mN ∀ N > 3.(A.4)
Claim (2) follows immediately from (A.3), while claim (3) follows
immediately from (A.3) and (A.4). If N = 5, then since W = −W
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mod 3, m1 +m4 = m2 +m5. Claim (4) follows immediately from this
fact and (A.3) and (A.4). Similarly, if N = 6, then since W = −W
mod 4, m3 = m1 +m5; claim (5) follows easily. Finally, if N > 6, the
fact thatW = −W mod (N−2) implies that m2+mN = mN−4, which
contradicts (A.4). This proves the last claim. q.e.d.
References
[1] K. Ahara, 6-dimensional almost complex S1 manifolds with χ(M) = 4, J. Fac.
Sci. Univ. Tokyo Sect. IA Math. 38 (1991), no. 1, 47-72.
[2] K. Ahara and K. Ohba, On 6-dimensional S1 symplectic Hamiltonian manifolds
with Euler number 4, Kyoto University Research Information Repository 793
(1992), 149-168, http://hdl.handle.net/2433/82715.
[3] T. Delzant, Hamiltoniens pe´riodique et images convexes de lapplication moment,
Bull. Soc. Math. France, 116 (1998), 315-339.
[4] I. J. Dejter, Smooth S1 manifolds in the homotopy type of CP3, Michigan Math.
J. 23 (1976), 83-95.
[5] E. Gonzalez, Classifying semi-free Hamiltonian S1-manifolds, Version 1, arxiv:
math/0502364v1.
[6] A. Hattori, S1 actions on unitary manifolds and quasi-ample line bundles, J.
Fac. Sci. Univ. Tokyo Sect. IA, Math. 31 (1984), 433-486.
[7] J.-C. Haussmann and T. Holm, Simple Hamiltonian manifolds, arXiv:
1012.4740v1.
[8] F. Kirwan, Cohomology of Quotients in Symplectic and Algebraic Geometry,
Princeton University Press, 1984.
[9] H. Li, M. Olbermann and D. Stanley, One connectivity and finiteness of Hamil-
tonian S1-manifolds with minimal fixed sets, arXiv:1010.2525.
[10] M. Masuda, On smooth S1-actions on cohomology complex projective spaces.
The case where the fixed point set consists of four connected components, J. Fac.
Sci. Univ. Tokyo 28 (1981), 127-167.
[11] M. Masuda, S1 actions on twisted CP3, J. Fac. Sci. Univ. Tokyo Sect. IA Math.
31 (1984), no. 1, 1-31.
[12] D. McDuff, Some 6-dimensional Hamiltonian S1 manifolds, J. of Topology, 2
(2009), no. 3, 589-623.
[13] D. Morton, GKM manifolds with minimal Betti numbers, preprint.
[14] O. R. Musin, Unitary actions of S1 on complex projective spaces, Russian Math.
Surveys, 33 (1978), no. 6 (204), 225-226.
[15] T. Petrie, Smooth S1 actions on homotopy complex projective spaces and related
topics, Bull. Amer. Math. Soc. 78 (1972), 105-153.
[16] T. Petrie, Exotic S1 actions on CP3 and related topics, Invent. Math. 17 (1972),
317-327.
[17] S. Tolman, On a symplectic generalization of Petrie’s conjecture, Trans. Amer.
Math. Soc., 362 (2010), 3963-3996.
[18] S. Tolman and J. Weitsman, The cohomology rings of symplectic quotients,
Comm. Anal. Geom. 11 (2003), no. 4, 751-773.
[19] E. Tsukada and R. Washiyama, Smooth S1-actions on cohomology complex pro-
jective spaces with three components of the fixed point set, Hiroshima Math. J. 9
(1979), no. 1, 41-46.
HAMILTONIAN CIRCLE ACTIONS WITH MINIMAL FIXED SETS 39
[20] K. Wang, Differential circle group actions on homotopy complex projective
spaces, Math. Ann. 214 (1975), 73-80.
[21] T. Yoshida, On smooth semi-free S1 actions on cohomology complex projective
spaces, Publ. Res. Inst. Math. Sci. 11 (1976), 483-496.
[22] T. Yoshida, On S1 actions on cohomology complex projective spaces, Suˆgaku 29
(1977), no. 2, 154-164.
School of Mathematical Sciences, Box 173, Suzhou University, Suzhou,
215006, China.
E-mail address: hui.li@suda.edu.cn
Department of mathematics, University of Illinois at Urbana-Champaign,
Urbana, IL, 61801, USA.
E-mail address: stolman@math.uiuc.edu
